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Abstract
The irreducible bases of the group space of the icosahedral double groups I’
and I′h are calculated explicitly. Applying those bases on the spin states |j, µ〉, we
present a simple formula to combine the spin states into the symmetrical adapted
bases, belonging to a given row of a given irreducible representations of I’ and I′h.
1. Introduction
Metallo-fullerenes are fullerene cages with a metal atom or atoms in the center of the
cage. Since Heath et al. [1] showed that metal-containing fullerenes can be generated,
metallo-fullerenes have drawn considerable attentions of physicists and chemists. In order
to classify the electronic states of such Metallo-fullerenes in the present of spin-orbit
coupling, especially for the electronic states with half-odd-integer spin, one has to deal
with the double group symmetry [2].
Recently, the character table and the correlation tables relevant for the icosahedral
group I′h were presented apparently [3]. As is well known, the correlation tables is cal-
culated from the character table by the standard method of group theory [4]. From the
correlation table the states with a low angular momentum can be combined by a similarity
transformation into a state belonging to a given row of an irreducible representation of I’.
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However, it becomes a tedious task while the angular momentum increases. Fortunately,
the difficulty can be conquered by the irreducible bases in the group space of I’. In this
note we present a simple formula (21) to combine the spin states into the symmetrical
adapted bases, belonging to a given row of a given irreducible representations of I’ and I′h.
The irreducible bases in the group space of I′ and the combinations of the spin states are
useful for the calculations of the vibrational and rotational problems for the carbon-60
molecule [5].
From group theory ([4] p.106), a group element R plays a role of a basis in the group
space, which is the representation space of the regular representation. The number of
times each irreducible representation contained in the regular representation is equal to
the dimension of the representation. Reducing the regular representation, we obtain the
new bases ψΓµν belonging to the µ (ν) row of the irreducible representation Γ in the left-
(right-)action of a group element:
RψΓµν =
∑
ρ
ψΓρνD
Γ
ρµ(R), ψ
Γ
µνR =
∑
ρ
DΓνρ(R)ψ
Γ
µρ. (1)
ψΓµν are called the irreducible bases in the group space. Assume that G is a point group,
which is a subgroup of the rotation group SO(3). Applying the irreducible bases to
the angular momentum states |j, ρ〉, we obtain the combinations ψΓµν |j, ρ〉, if it is not
vanishing, belonging to the µ row of the representation Γ of the point group:
RψΓµν |j, ρ〉 =
∑
τ
Dλτµ(R)ψ
λ
τν |j, ρ〉. (2)
This method is effective for both integer and half-odd-integer angular momentum states.
In this note we will calculate the irreducible bases in the group space of the icosahedral
double group (Sec. 2 and 3), and then, find a simple and unified formula ((21) in Sec.4)
for calculating the combinations. A simple conclusion is given in Sec. 5.
Recently, we read a preprint [6] where a technique, called the double-induced tech-
nique, was used for calculating the irreducible bases for the tetrahedral group and the
combinations of the angular momentum states. From the preprint we know that a similar
work for the icosahedral double group is in preparation.
2. Icosahedral double group
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A regular icosahedron is shown in Fig.1. The vertices on the upper part are labeled
by Aj, 0 ≤ j ≤ 5, and their opposite vertices by Bj . The z and y axes point from the
center O to A0 and the midpoint of A2B5, respectively.
Fig. 1.
The group I has 6 five-fold axes, 10 three-fold axes, and 15 two-fold axes. One of the
five-fold axes directs along z axis, and the rest point from Bj to Aj (1 ≤ j ≤ 5) with
the polar angle θ1 and azimuthal angles ϕ
(1)
j . The rotations through 2π/5 around those
five-fold axes are denoted by Tj , 0 ≤ j ≤ 5. The three-fold axes join the centers of two
opposite faces. The polar angles of the first and last 5 axes are θ2 and θ3, respectively,
and the azimuthal angles ϕ
(2)
j . The rotations through 2π/3 around those three-fold axes
are denoted by Rj, 1 ≤ j ≤ 10. The two-fold axes join the midpoints of two opposite
edges. The polar and azimuthal angles of the first, next and last 5 axes are θ4, ϕ
(1)
j , θ5,
ϕ
(2)
j , π, and ϕ
(3)
j , respectively. The rotations through π around those two-fold axes are
denoted by Sj , 1 ≤ j ≤ 15. Those angles θi and ϕ(i)j are given as follows:
tan θ1 = 2, tan θ2 = 3−
√
5, tan θ3 = 3 +
√
5,
tan θ4 =
(√
5− 1
)
/2, tan θ5 =
(√
5 + 1
)
/2,
ϕ
(1)
j = 2(j − 1)π/5, ϕ(2)j = (2j − 1)π/5, ϕ(3)j = (4j − 3)π/10.
(3)
As is well known, SU(2) group is the covering group of the rotation group SO(3),
and provides the double-valued representations of SO(3). In order to classify the angular
momentum states with half-odd-integer spin, we have to extend the point group to the
double point group, following the homomorphism of SU(2) onto SO(3):
±u(nˆ, ω) −→ R(nˆ, ω). (4)
In the rotation group SO(3), a rotation through 2π is equal to identity E, but it is
different from identity in the SU(2) group:
R(nˆ, 2π) = E, u(nˆ, 2π) ≡ E ′ = −1. (5)
Similarly, a point group G is extended into a double point group G′ by introducing a new
element E ′, satisfying:
RE ′ = E ′R, (E ′)2 = E, R ∈ G ⊂ G′, E ′R ∈ G′. (6)
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The point group G is a subgroup of SO(3), and the double point group G′ is that of
SU(2). For definiteness, we restrict the rotation angle ω not larger than π:
R(nˆ, ω) −→ u(nˆ, ω),
R(nˆ, ω − 2π) = R(−nˆ, 2π − ω) −→ u(−nˆ, 2π − ω) = −u(nˆ, ω),
0 ≤ ω ≤ π. (7)
The period of ω in SU(2) group is 4π. The element E ′ was denoted by R in [3] and [4],
and by θ in [6]. The double point group G′ was denoted by G† in [6].
The icosahedral double group I’ contains 120 elements and nine classes. There are
nine inequivant irreducible representations for I’: Five representations A, T1, T2, G and
H are called single-valued ones, and four representations E ′1, E
′
2, G
′ and I ′ are double-
valued ones. The row (column) index runs over integer (in a single-valued representation)
or half-odd-integer (in a double-valued one) as follows:
A : m = 0, E ′1 : µ = 1/2, − 1/2,
T1 : m = 1, 0, − 1, E ′2 : µ = 3/2, − 3/2,
T2 : m = 2, 0, − 2, G′ : µ = 3/2, 1/2, − 1/2, − 3/2,
G : m = 2, 1, − 1, − 2, I ′ : µ = 5/2, 3/2, 1/2, − 1/2, − 3/2, − 5/2,
H : m = 2, 1, 0, − 1, − 2,
(8)
where, as in the angular momentum theory, the subscript µ is replaced by m when it is
integer.
The icosahedral double group I′h is the direct product of I’ and the inversion group
{E, P}, where P is the inversion operator. According to the parity, the irreducible repre-
sentations of I′h are denoted as Γg (even) and Γu (odd), respectively. The character table
of the double group I′h was listed in Table 1 of [3]. In this note we will pay more attention
to the double group I’.
3. Irreducible bases
The rank of the double group I’ is three. We choose T0, S1 and E
′ as the generators
of I’. The representation matrix of E ′ is equal to the unit matrix 1 in a single-valued
irreducible representation and -1 in a double-valued one. It is convenient to choose the
bases in an irreducible representations of I’ such that the representation matrices of the
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generator T0 are diagonal with the diagonal elements η
µ. Assume that the bases Φµν in
the I’ group space are the eigenstates of left-action and right-action of T0:
T0 Φµν = η
µΦµν , Φµν T0 = η
νΦµν , (9)
where the constant η satisfies the following equations:
η = exp(−i2π/5),
4∑
m=0
ηm = 0,
p = η + η−1 = (
√
5− 1)/2, p−1 = 1 + η + η−1 = (√5 + 1)/2,
q = i (η − η−1) =
(√
5p−1
)1/2
, i (η2 − η−2) = qp.
(10)
The bases Φµν can be easily calculated by the projection operator Pµ (see p.113 in
[4]):
Φµν = c Pµ R Pν , Pµ =
1
10
4∑
a=0
η−µa
(
E + η−5µE ′
)
T a0 , (11)
where c is a normalization factor. The choice of the group element R in (11) will not
affect the results except for the factor c. The subscripts µ and ν should be integer or
half-odd-integer, simultaneously. In the following we choose E, S11, S5 and S10 as the
group element R, respectively, and obtain four independent sets of bases Φ(i)µν :
Φ(1)µµ =
E + η−5µE ′√
10
4∑
a=0
η−µa T a0 ,
Φ
(2)
µµ =
E + η−5µE ′√
10
4∑
a=0
η−µa T a0 S11
=
E + η−5µE ′√
10
(
S11 + η
−2µS12 + η
−4µS13 + η
4µS14 + η
2µS15
)
,
5
Φ(3)µν =
E + η−5µE ′
5
√
2
4∑
a=0
η−µa T a0 S5
4∑
b=0
η−νb T b0
=
E + η−5µE ′
5
√
2
{(
S5 + η
−µR25 + η
−2µT 41 + η
2µT4 + η
µR4
)
+ η(µ−ν) (S4 + η−µR24 + η
−2µT 45 + η
2µT3 + η
µR3)
+ η2(µ−ν) (S3 + η−µR23 + η
−2µT 44 + η
2µT2 + η
µR2)
+ η−2(µ−ν) (S2 + η−µR22 + η
−2µT 43 + η
2µT1 + η
µR1)
+ η−(µ−ν) (S1 + η−µR21 + η
−2µT 42 + η
2µT5 + η
µR5)} ,
Φ(4)µν =
E + η−5µE ′
5
√
2
4∑
a=0
η−µa T a0 S10
4∑
b=0
η−νb T b0
=
E + η−5µE ′
5
√
2
{(
S10 + η
−µT 31 + η
−2µR26 + η
2µR9 + η
µT 25
)
+ η(µ−ν) (S9 + η−µT 35 + η
−2µR210 + η
2µR8 + η
µT 24 )
+ η2(µ−ν) (S8 + η−µT 34 + η
−2µR29 + η
2µR7 + η
µT 23 )
+ η−2(µ−ν) (S7 + η−µT 33 + η
−2µR28 + η
2µR6 + η
µT 22 )
+ η−(µ−ν) (S6 + η−µT 32 + η
−2µR27 + η
2µR10 + η
µT 21 )} .
(12)
where and hereafter the subscript µ denotes −µ. Those bases Φ(i)µν should be combined
into the irreducible bases ψΓµν belonging to the given irreducible representation Γ. The
combinations can be determined from the condition that the irreducible basis should be
the eigenstate of a class operator W , which was called CSCO-I in [6]. The eigenvalues αΓ
can be calculated from the characters [3] in the irreducible representations Γ:
W =
5∑
j=0
(
Tj + E
′T 4j
)
, W ψΓµν = ψ
Γ
µν W = αΓ ψ
Γ
µν ,
αA = 12, αT1 = 4p
−1, αT2 = −4p, αG = −3, αH = 0,
αE′
1
= 6p−1, αE′
2
= −6p, αG′ = 3, αI′ = −2.
(13)
Now we calculate the matrix form of W in the bases Φ(i)µν , and diagonalize it. ψ
Γ
µν are just
the eigenvectors of the matrix form of W :
ψΓµν = N
−1/2
4∑
i=1
ci Φ
(i)
µν , (14)
where N is the normalization factor. In principle, ψΓµν can change a phase depending on
µ and ν. We choose the phases such that the representation matrices of I coincide with
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those in the subduced representations of Dj of SO(3):
D0(R) = DA(R), D1(R) = DT1(R), D2(R) = DH(R),
D1/2(R) = DE
′
1(R), D3/2(R) = DG
′
(R), D5/2(R) = DI
′
(R).
(15)
The representation matrices of E ′ and T0 are diagonal with the diagonal elements ±1 and
ηµ, respectively (see (9) ), and those of another generator S1 of I are as follows:
DA(S1) = 1, D
T1(S1) =
1√
5


−p−1 −√2 −p
−√2 1 √2
−p √2 −p−1


,
DT2(S1) =
1√
5


−p √2 p−1
√
2 −1 √2
p−1
√
2 −p


, DG(S1) =
1√
5


−1 −p −p−1 1
−p 1 −1 −p−1
−p−1 −1 1 −p
1 −p−1 −p −1


,
DH(S1) =
1
5


p−2 2p−1
√
6 2p p2
2p−1 p2 −√6 −p−2 −2p
√
6 −√6 −1 √6 √6
2p −p−2 √6 p2 −2p−1
p2 −2p √6 −2p−1 p−2


,
DE
′
1(S1) =
iq√
5


−1 −p
−p 1

 , DE′2(S1) = iq√
5


−p −1
−1 p

 ,
DG
′
(S1) =
iq
5


p−1
√
3
√
3p p2
√
3 −p2 −p−1 −√3p
√
3p −p−1 p2 √3
p2 −√3p √3 −p−1


,
DI
′
(S1) =
iq
5
√
5


−p−2 −√5p−1 −√10 −√10p −√5p2 −p3
−√5p−1 −√5p √10p √10 √5 √5p2
−√10 √10p √5 −√5p −√10 −√10p
−√10p √10 −√5p −√5 √10p √10
−√5p2 √5 −√10 √10p √5p −√5p−1
−p3 √5p2 −√10p √10 −√5p−1 p−2


.
(16)
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The normalization factors N and combination coefficients ci are listed in Table 1.
Table 1
Now, we obtain the irreducible bases ψΓµν satisfying (1). The irreducible bases of the
group I′h can be expressed as follows:
ψΓgµν = 2
−1/2 (E + P )ψΓµν , ψ
Γu
µν = 2
−1/2 (E − P )ψΓµν . (17)
4. Applications to the angular momentum states
Due to the properties (1), we can obtain the irreducible function bases by applying ψΓµν
to any function. As an important application, we apply ψΓµν to the angular momentum
states |j, µ〉, where the Condon-Shortley definition is used:
R |j, µ〉 =
j∑
ν=−j
Djνµ(R) |j, ν〉, R ∈ SO(3) or SU(2). (18)
When j is an integer ℓ, |ℓ,m〉 is nothing but the spherical harmonics Y ℓm(θ, ϕ).
From Fig.1. and (3) we have:
E ′ |j, µ〉 = (−1)2j |j, µ〉, T0 |j, µ〉 = ηµ |j, µ〉,
S5 |j, µ〉 =
∑
ν
Djνµ(−2π/5, 2θ4, 7π/5) |j, ν〉 =
∑
ν
e−iµπηµ−νdjνµ(2θ4) |j, ν〉
S10 |j, µ〉 =
∑
ν
Djνµ(−π/5, 2θ5, 6π/5) |j, ν〉 =
∑
ν
eiνπη3µ+2νdjνµ(2θ5) |j, ν〉
S11 |j, µ〉 =
∑
ν
Djνµ(0, π, 4π/5) |j, µ〉 = (−1)j−µη2µ |j,−µ〉.
(19)
where dj(θ) is the usual D-function in the angular momentum theory [4], and
cos θ4 = sin θ5 = q/
√
5, cos θ5 = sin θ4 = qp/
√
5. (20)
Now, it is easy to obtain the combinations of the angular momentum states ψΓµλ |j, ρ〉,
belonging to the µ row of the irreducible representation Γ of I’:
ψΓµλ |j, ρ〉 =
√
10/Nδ′λρ
∑
ν
δ′µν
{
c1δρν + c2δρν(−1)j−ρη2ρ
+
√
5c3e
−iπρηρ−νdjνρ(2θ4) +
√
5c4e
iπνη3ρ+2νdjνρ(2θ5)
}
|j, ν〉,
(21)
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where N and ci were given in Table 1, δ
′
λρ is defined as follows:
δ′λρ =


1 when (λ− ρ)/5 = integer
0 otherwise.
(22)
In driving (21) some terms were merged so that the functions need be normalized again.
(21) is our main formula. For fixed λ and ρ, satisfying δ′λρ = 1, we obtain the combina-
tions of the angular momentum states ψΓµλ |j, ρ〉, belonging to the µ row of the irreducible
representation Γ of I’. Different choice of λ and ρ may cause the combinations vanish-
ing, dependent on each other, or independent. The number of independent combinations
depends upon the number of times that the irreducible representation Γ of I’ appears in
the reduced form of the subduced representation of Dj of SU(2). The latter is completely
determined by the character of the representation and listed in Table 2 of [3].
Those combinations are very easy to be calculated by a simple computer file or even
by hand. In the following we list some combinations as examples.
ψA00 |0, 0〉 = 2
√
30 |0, 0〉, ψT1µ1 |1, 1〉 = 2
√
10 |1, µ〉,
ψHµ2 |2, 2〉 = 2
√
6 |2, µ〉, ψE′1µ(1/2) |1/2, 1/2〉 = −i2
√
15 |1/2, µ〉,
ψG
′
µ(3/2) |3/2, 3/2〉 = i
√
30 |3/2, µ〉, ψI′µ(5/2) |5/2, 5/2〉 = −i2
√
5 |5/2, µ〉.
ψT2
22
|3, 3〉 = −4
(√
3/5 |3, 2〉+
√
2/5 |3,−3〉
)
,
ψT2
02
|3, 3〉 = −4 |3, 0〉,
ψT2
2 2
|3, 3〉 = −4
(
−
√
2/5 |3, 3〉+
√
3/5 |3,−2〉
)
,
ψG
22
|3, 3〉 = 3√2
(
−
√
2/5 |3, 2〉+
√
3/5 |3,−3〉
)
,
ψG
12
|3, 3〉 = 3√2 |3, 1〉,
ψG
1 2
|3, 3〉 = 3√2 |3,−1〉,
ψG
2 2
|3, 3〉 = 3√2
(√
3/5 |3, 3〉+
√
2/5 |3,−2〉
)
.
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ψ
E′
2
3/2 3/2
|7/2, 7/2〉 = −i3√2
(
−
√
7/10 |7/2, 3/2〉+
√
3/10 |7/2,−7/2〉
)
,
ψ
E′
2
3/2 3/2
|7/2, 7/2〉 = −i3√2
(√
3/10 |7/2, 7/2〉+
√
7/10 |7/2,−3/2〉
)
,
ψI
′
5/2 3/2
|7/2, 7/2〉 = i√14
(√
1/50 |7/2, 5/2〉+ 7/√50 |7/2,−5/2〉
)
,
ψI
′
3/2 3/2
|7/2, 7/2〉 = i√14
(
−
√
3/10 |7/2, 3/2〉 −
√
7/10 |7/2,−7/2〉
)
,
ψI
′
1/2 3/2
|7/2, 7/2〉 = i√14 |7/2, 1/2〉,
ψI
′
1/2 3/2
|7/2, 7/2〉 = −i√14 |7/2,−1/2〉,
ψI
′
3/2 3/2
|7/2, 7/2〉 = i√14
(
−
√
7/10 |7/2, 7/2〉+
√
3/10 |7/2,−3/2〉
)
,
ψI
′
5/2 3/2
|7/2, 7/2〉 = i√14
(
7/
√
50 |7/2, 5/2〉 −
√
1/50 |7/2,−5/2〉
)
.
5. Conclusion
If the Hamiltonian of a system has a given symmetry, the symmetry adapted bases are
very useful in calculating the eigenvalues and eigenstates. From the irreducible bases in
the group space of the symmetry group of the system, the the symmetry adapted bases can
be calculated generally and simply. The combinations of the angular momentum states
are important examples for calculating the symmetry adapted bases. In this note we
calculate the explicit form of the irreducible bases of I’ group space, and obtain a general
formula for calculating the combinations of angular momentum states into the irreducible
basis functions belonging to the given row of a given irreducible representation of the
icosahedral double group I’. This method is effective for any double point group.
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Table 1 Irreducible bases in the group space of I’
ψΓµν = N
−1/2
4∑
i=1
ci Φ
(i)
µν ,
η = exp(−i2π/5), p = η + η−1, q = i(η − η−1).
ψA00 =
(
Φ
(1)
00 + Φ
(2)
00 +
√
5Φ
(3)
00 +
√
5Φ
(4)
00
)
/
√
12.
Γ = T1 Γ = T2
µ ν c1 c2 c3 c4 N µ ν c1 c2 c3 c4 N
1 1 1 −p−1 −p 4 2 2 1 −p −p−1 4
0 1 −η−1 η2 2 0 2 η−2 −η−1 2
1 1 η−2 −η−2p −η−1p−1 4 2 2 −η ηp−1 η−2p 4
1 0 −η η−2 2 2 0 η2 −η 2
0 0 1 −1 1 −1 4 0 0 1 −1 −1 1 4
1 0 η−1 −η2 2 2 0 η−2 −η−1 2
1 1 η2 −η2p −ηp−1 4 2 2 −η−1 η−1p−1 η2p 4
0 1 η −η−2 2 0 2 η2 −η 2
1 1 1 −p−1 −p 4 2 2 1 −p −p−1 4
Γ = G
µ ν c1 c2 c3 c4 N µ ν c1 c2 c3 c4 N
2 2 1 −1 1 3 2 1 −η−2p−1 −η−1p 3
1 2 −η−1p −η2p−1 3 1 1 η2 −η2 η 3
1 2 −η2p−1 −ηp 3 1 1 1 1 −1 3
2 2 η η −η−2 3 2 1 −η−1p −η2p−1 3
2 1 −ηp −η−2p−1 3 2 2 η−1 η−1 −η2 3
1 1 1 1 −1 3 1 2 −η−2p−1 −η−1p 3
1 1 η−2 −η−2 η−1 3 1 2 −ηp −η−2p−1 3
2 1 −η2p−1 −ηp 3 2 2 1 −1 1 3
Γ = H
µ ν c1 c2 c3 c4 N µ ν c1 c2 c3 c4 N
2 2
√
5 p−2 p2 12 1 0 η−1 η2 2
1 2 η−1p−1 −η2p 3 2 0 η−2 η−1 2
0 2 η−2 η−1 2 2 1 η−2p −η−1p−1 3
1 2 η2p −ηp−1 3 1 1 −√5η2 −η2p−2 −ηp2 12
2 2
√
5η ηp2 η−2p−2 12 0 1 η η−2 2
2 1 ηp−1 −η−2p 3 1 1
√
5 p2 p−2 12
1 1
√
5 p2 p−2 12 2 1 −η−1p−1 η2p 3
0 1 −η−1 −η2 2 2 2 √5η−1 η−1p2 η2p−2 12
1 1 −√5η−2 −η−2p−2 −η−1p2 12 1 2 −η−2p η−1p−1 3
2 1 −η2p ηp−1 3 0 2 η2 η 2
2 0 η2 η 2 1 2 −ηp−1 η−2p 3
1 0 −η −η−2 2 2 2 √5 p−2 p2 12
0 0
√
5
√
5 −1 −1 12
12
Γ = E′
1
Γ = E′
2
2µ 2ν c1 c2 c3 c4 N 2µ 2ν c1 c2 c3 c4 N
1 1 −i q qp 6 3 3 −i qp −q 6
1 1 −iη−1 η−1qp −η2q 6 3 3 iη2 η2q ηqp 6
1 1 iη ηqp −η−2q 6 3 3 −iη−2 η−2q η−1qp 6
1 1 −i −q −qp 6 3 3 −i −qp q 6
Γ = G′
2µ 2ν c1 c2 c3 c4 N 2µ 2ν c1 c2 c3 c4 N
3 3 i
√
5 qp−1 qp2 15 3 1 η2qp ηq 5
1 3 η−1q −η2qp 5 1 1 i√5η −ηqp−1 −η−2qp2 15
1 3 η−2qp η−1q 5 1 1 i
√
5 qp2 −qp−1 15
3 3 i
√
5η2 η2qp2 −ηqp−1 15 3 1 η−1q −η2qp 5
3 1 ηq −η−2qp 5 3 3 −i√5η−2 η−2qp2 −η−1qp−1 15
1 1 i
√
5 −qp2 qp−1 15 1 3 −η2qp −ηq 5
1 1 −i√5η−1 −η−1qp−1 −η2qp2 15 1 3 ηq −η−2qp 5
3 1 −η−2qp −η−1q 5 3 3 i√5 −qp−1 −qp2 15
Γ = I′
2µ 2ν c1 c2 c3 c4 N 2µ 2ν c1 c2 c3 c4 N
5 5 −i5 qp−2 qp3 50 5 1 η−2qp −η−1q 5
3 5 η−1qp−1 −η2qp2 10 3 1 −η2q ηqp 5
1 5 η−2q η−1qp 5 1 1 i
√
5η ηqp η−2q 10
1 5 η2qp −ηq 5 1 1 −i√5 q −qp 10
3 5 ηqp2 η−2qp−1 10 3 1 −η−1qp −η2q 5
5 5 −i5 qp3 −qp−2 50 5 1 −η−2q −η−1qp 5
5 3 ηqp1 η−2qp2 10 5 3 η−1qp2 η2qp−1 10
3 3 −i√5 qp q 10 3 3 −i√5η−2 −η−2q η−1qp 10
1 3 −η−1qp −η2q 5 1 3 η2q −ηqp 5
1 3 −η−2q η−1qp 5 1 3 −ηqp −η−2q 5
3 3 i
√
5η2 −η2q ηqp 10 3 3 −i√5 −qp −q 10
5 3 −ηqp2 −η−2qp−1 10 5 3 η−1qp−1 −η2qp2 10
5 1 η2q ηqp 5 5 5 i5 qp3 −qp−2 50
3 1 −ηqp −η−2q 5 3 5 −η−1qp2 −η2qp−1 10
1 1 −i
√
5 −q qp 10 1 5 η−2qp −η−1q 5
1 1 −i√5η−1 η−1qp η2q 10 1 5 −η2q −ηqp 5
3 1 η−2q −η−1qp 5 3 5 η−1qp−1 −η−2qp2 10
5 1 η2qp −ηq 5 5 5 −i5 −qp−2 −qp3 50
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